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^^' Abstract. A complete Riemannian manifold (M, g) is a yj^-manifold if every 

, ^ ' unit speed geodesic 7(4) originating at 7(0) = x £ M satisfies ^(1) = x for 

^^ , 7^ Z G R. Berard-Bergery proved that if (M™,g),m > 1 is a Yj^-manifold, 

1 then M is a closed manifold with finite fundamental group, and the cohomology 

^*~ ' ring H* (M, Q) is generated by one element. 

^Nj ' We say that (M, g) is a Y^-manifold if for every e > there exists I > e such 

, that for every unit speed geodesic 7(t) originating at a;, the point 7(Z) is e-close 

111 to X. We use Low's notion of refocussing Lorentzian space-times to show that 

\.'_^ ' if {M™,g),m > 1 is a Y^-manifold, then M is a closed manifold with finite 

^*\ ' fundamental group. As a corollary we get that a Riemannian covering of a 

^^ ^ Y^-manifold is a Y^-manifold. Another corollary is that if (M'",g),m. = 2,3 

r^ . is a y^-manifold, then (M, h) is a yj^-manifold for some metric h. 

-)— » . 

a , 

B-. 

', 1. Introduction 

T-H ■ 
^ . Throughout the paper aU Riemannian manifolds are assumed to be geodesically 

{/") ' complete, while Lorentzian manifolds (see Section|3]) are not assumed to be complete 

r^ . unless this is explicitly stated. We will tacitly assume that a manifold M under 

^—^ ' consideration is a smooth connected manifold without boundary (not necessarily 

i . compact or oriented). 

^— V ■ 1.1. Definition (YJ^-manifolds). Let {M,g) be a Riemannian manifold, x a point 

C^ \ in M and / a nonzero real number. We say that (M, g) is a Yf' -manifold if for every 

T-H . geodesic 7 : R — ;> Af satisfying 7(0) = x and |7(0)| = 1 we have 7(/) = x. 

^ ■ In other words (M, g) is a YJ^-manifold if each geodesic parametrized by arc 

KJi I length and emitted from x comes back to x at the moment I. Such manifolds at- 

}_j ■ tracted a lot of attention 10 . They are related to Blaschke manifolds and manifolds 

C^ I all of whose geodesies are closed. The following weak form of the Bott-Samelson 

Theorem ^TTJ [28] was proved by Berard-Bergery, see [5], [lOl Theorem 7.37, page 

192]. 

1.2. Theorem (Berard-Bergery). If {M,g) is a Yf^ -Riemannian manifold of di- 
m,ension at least 2, then M is a closed manifold with finite fundamental group and 
the cohomology ring H* (M, Q) is generated by one element. 

The standard metric on S^ shows that the statement of Theorem 1 1.2 1 is false for 
one dimensional {M,g). 

1.3. Remark. Besse (TUl Definitions 7.7] describes a few notions closely related to 
Yj^-manifolds. In particular, {M,g) is a Z^ -manifold if all the geodesies starting at 
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X come back to x. Clearly every YJ^-manifold is a Z^-manifold. However according 
to [ini Question 7.70] it is not known if every Z^-manifold is a yj^-manifold for 
some nonzero I. Moreover it is not known if the length of the first return to a; of a 
unit speed geodesic starting at x is uniformly bounded for every initial unit vector 
in T^M, see [lOl Question 7.71]. 

In this work we introduce and study the class of y^-manifolds that generalizes 
y^^-manifolds. Remark 11.31 suggests that a priori even quite simple questions about 
manifolds satisfying conditions close to the definition of the YJ^-manifold can be 
hard to answer. We show however that all y^-manifolds satisfy a counterpart of 
the Berard-Bergery Theorem (see Theorem 1 2. 5 1) . 

2. Main results and definitions 

2.1. Definition (y ^-manifolds) . Let {M,g) be a Riemannian manifold and x a 
point in M. We say that (M, g) is a Y^ -manifold if there exists e > such that for 
every positive e < e there exists I = l{e) with / > e such that for every unit speed 
geodesic 7 : R ^> Af originating at x at time 0, the point ^{l) is e close to x. 

In other words, in a y^-manifold for every sufficiently small neighborhood of x 
there exists a moment of time I when all the unit speed geodesies emitted from x 
return back to this neighborhood (after first leaving the neighborhood). 

2.2. Definition (y ^-manifolds). Let {M,g) be a Riemannian manifold and x a 
point in M. We say that {M,g) is a Y^ -manifold if there exists e > such that for 
every positive e < e there exist I — l{e) with / > e and y = y{e) such that for every 
unit speed geodesic 7 : M — J^ M originating at y at time 0, the point ^{l) is e close 
to X. For short we shall say that all geodesies from y in time I focus within e from 

X. 

It immediately follows that every Yj^-manifold is a K^-manifold, while every 
y^-manifold is a y^-manifold. 



2.3. Remark (possible reformulations of Definitions l2.ll and l2.2p . Our Corollarv l3.3l 
says that if the requirements described in Definitions 12.11 and 12.21 are satisfied for 
all sufficiently small e > 0, then in fact they are satisfied for all e > 0. Thus in 
both definitions one can forget the condition that the requirement is supposed to 
be satisfied only for sufficiently small e and this would not change the class of 
manifolds described in the definition. 

A much easier fact is that the requirement that the condition should be satisfied 
for all sufficiently small e > 0, can be substituted by the condition that there exists 
a sequence {eri}j5°=i of positive numbers with lim„_).oo £n = for which the condition 
is satisfied. 

Indeed if the condition is true for all positive e < e, then it is also satisfied for 
all the members of any such sequence {e„}^i with all e„ < e. On the other side, 
if r is the radius of a geodesically convex normal neighborhood of x, then for every 
positive e < § for which the condition is satisfied the corresponding l{e) > ^ > e. 
Without the loss of generality we can assume that all the sequence members are 
less than ^ . Then one chooses e = ei . Now given any positive e < e choose iiT G N 
so that tK < e and observe that if we put ^(e) = 1{^k) (and y{e) — y{eK) if we talk 
about y^-manifolds) , then the desired condition is satisfied. 
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2.4. Remark. Wc do not know examples of y^-nianifolds that are not F^-manifolds. 
Similarly we do not know examples of F^-manifolds that are not YJ^-manifolds for 
some nonzero I. It may be that these three classes actually coincide, but an attempt 
to prove this runs into a problem we describe below. 

Given a Riemannian y^-manifold {M,g) let {e„}5^]^ be a positive sequence 
with lim„^oo fin = 0. Then there is a sequence {ln}'^=i of positive numbers and 
a sequence {yn}^=i of points in M such that for every geodesic j : R ^ M 
parametrized by arc length and originating at y„, the point j{ln) is Cn close to x. 

Our Lemma lOl savs that ii{y,l) is a limit point of the set {{ynjn)}^=i C Af xM, 
then I > and (M, g) is a "K^manifold. 



Even though our Theorem 12.51 savs that M has to be compact, it is not clear if 
one can always choose Z„ so that they form a bounded sequence, and hence it is 
not clear whether the subset {(yn,ln)}^=i C M x M necessarily has a limit point. 
This difficulty seems to be similar to [lOl Question 7.70] discussed in Remark 11.31 

Our main result is a counterpart of the Berard-Bergery Theorem. 

2.5. Theorem. Let M be a manifold of dimension at least 2 such that there exists 
a complete Riemannian metric g on M and a point x (z M with the property that 
{M™',g) is a Y^ -manifold. Then M is a closed manifold and |7ri(M)| < oo. 



Since every YJ^-manifold is a y^-manifold, Theorem 12.51 implies the first two 
out of three properties of YJ^-manifolds in the Berard-Bergery Theorem. On the 
other hand, the proof of Theorem [23] contained in Section |6] is completely different 
from that of the Berard-Bergery Theorem. It is based on Lorentzian geometry and 
notion of refocussing Lorentzian space-times introduced by Low |221 123] . 

For reader's convenience in Section |4] we review necessary notions of Lorentz 
geometry. In Section [7] we discuss facts related to refocussing and open problems. 

3. Corollaries of Theorem 12.51 and other results 



3.1. Fact. Let Af'",m = 2,3 be a closed manifold with finite fundamental group, 
then there is a complete Riemannian metric g on M and a point x £ M such that 
{M,g) is a Y2^-manifold. 



Proof. By the Thurston Elliptization Conjecture [29] proved by Perelman [26 ] 127 ] . 
a closed manifold M of dimension 3 with finite fundamental group is a quotient of 
the standard unit sphere S*"^ by a finite group of isometrics. Thus M inherits the 
quotient metric g from the standard metric on the unit sphere. Clearly (M, g) is a 
y2^-nianifold. The proof of Fact 13.11 in the case to = 2 is similar to (but simpler 
than) the proof in the case m — i. D 

3.2. Corollary. Let M"^,m = 2,3 be a manifold, such that there exists a complete 
Riemannian metric g on M and a point x G Af with the property that (Af ™, g) is a 
Y^ -manifold. Then the ring H*(M, Q) is generated by one element. Moreover there 
exists a complete Riemannian metric g on M such that {M,'g) is a Y2^-manifold. 



Proof. By Theorem 12.51 the manifold M is closed and |7ri(Af)| < oo. Hence Corol- 
lary [32] follows from Fact [SH] and Theorem [HI D 



If the condition in Definitions 12.11 and 12.21 is actually satisfied for all e, then it 
is also satisfied for all sufficiently small e. The converse is also true, but requires 
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some thinking, even though this condition is automaticany satisfied for ah e > 
diam{M,g). 



3.3. Corollary. If the condition in Definitions \2. 1\ and \2. 2\ of Y^ - and Y^ -manifolds 
is satisfied for all sufficiently small e > 0, then in fact it is satisfied for all e > 0. 

Proof. We give the proof for the y^-manifolds. The proof for y^-manifolds is 
similar and in fact simpler. 

The case dimM = 1 is trivial. Assmne {M™-,g),m > 1 is a F^-manifold and 
let e > be as in the definition of a F^-manifold. Choose a sequence of positive 
numbers {en}5?Li, £« < £« with lim„_yoo £« = 0. Choose a sequence {ln}'^=i of 
positive numbers Z„ > £« and a sequence {yn}^=i of points in M such that all 
geodesies from yn in time In focus within e„ from x. 

M is compact by Theorem 12.51 If the sequence {ln}'^=i is bounded, then 
{{yn,ln)}'^=i contains a subsequence converging to some {y,l)- Lemma lOl savs 
that I > and (Af , g) is a F ^-manifold. Then for a given e > one takes fc G N so 

that 2kl > e and puts y = x and ^(e) = 2kl. Thus the condition of Definition 12.21 is 
in fact satisfied for all e > 0, rather than just for sufficiently small e. 

If the sequence {ln}?^=i is not bounded, then we choose a monotonically increas- 
ing subsequence {lnk}'kLi with limfc_5.oo Ink = +oo. Now take any e > that is not 
necessarily less than e. Choose K such that /„^ > e and e„^ < e. Clearly the point 
y = yriK ^iid the positive number / = Z„^ satisfy the requirements of definition 12.21 
for the chosen e > 0. D 

3.4. Corollary. Let (M, g) be a Riemannian manifold, then the possibly empty set 
Z — {z ^ M\{M,g) is a Y^} is a closed subset of M. 

We do not know if for a Riemannian manifold {M,g), the possibly empty set 
Z = {z ^ M|(M, g) is aY^} is always a closed subset of M. 

Proof. If a connected M has dimension one, then the statement is obvious, since 
M is either diffeomorphic to S^ or to R^. In the first case Z = M, in the second 
case Z = $. Similarly the statement is obvious if Z = 0. So we consider the case 
Z^0, and dimM > 1. 

M is compact by Theorem 12.51 Thus there exists L > such that for every 
p £ M the exponential map restricted to the radius L ball centered at G TpM is a 
diffeomorphism. Take p & Z and e(p) > from the definition of a yP-manifold. For 
each e{p) < e{p) we should have y{p, e) G M and l{p, e) > e{p) such that if ^{t) is a 
unit speed geodesic satisfying 7(0) = y{p,€) then the distance dg{'-f{l{p,e)),p) < e. 
By definition of L we have that l{p,e) > -j. Thus we can put e(p) = -j where the 
right hand side does not depend on p € Z. 

It suffices to show that if z is a limit point of Z, then z £ Z. Put e(z) — ^ and take 
any e < e(z). Take zn € Z such that dg{z, zn) < f ■ Since z^ & Z and f < j < 7 
by the previous discussion there exist y G M and I > -j with the property that 
if 7(i) is a unit speed geodesic satisfying 7(0) = y then dg{'j{l),ZN) < |. Since 
dg{z,ZN) < I we have dg{'j{l),'z) < e for all unit speed geodesies j{t) satisfying 
7(0) = y. a 

3.5. Corollary. Let x G M be a point in the connected total space of a Riemannian 
covering p : (M'",g) -^ {M"^,g),m > 2. Then the following two statements hold: 
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1: {M,g) is a Y^ -manifold if and only if {M,g) is a Y^^^' -manifold. 
2: {M,g) is a Y^ -manifold if and only if {M,g) is a Y^^^' -manifold. 

The statement of this Theorem is false when M = S^ and M = R^. Note that 
we use Theorem 12.51 only in the proof of statement 2. 



Proof. We prove statement 1. Assume that {M,g) is a y^-manifold. For a suf- 
ficiently small e > take y d M and I > e such that all the geodesies from y 
in time I focus withing e from x. Since p is a Riemannian covering, we get that 
all the geodesies from p{y) in time I focus within e from p{x). Thus {M,g) is a 
y''(^)-manifold. 

Now we prove the other implication. Take e > as in the definition of (ilf , g) 
being a y^'^^^^-manifold. We assume without the loss of generality that the expo- 
nential map exp (^-i : Tpf^^^M -^ M restricted to the ball of radius e centered at 
G Tp(^^'^M is a diffeomorphism. We put B to be the open neighborhood of p{x) 
that is the image of the restriction of exp (^\ map to this ball. Decreasing e if 
necessary we can and do assume that B is trivially covered under p. 

Choose any positive e < e and let Z > e and y £ M be such that all geodesies 
from y in time I focus within e from x. Choose a unit speed geodesic j{t) such that 
7(0) = y. Put z = 7(/) G B. Put B to be the connected component of p~^{B) 
containing x and put z to be the unique point of p~^(z) located within B. Let ^{t) 
be the lift of the path 7(i) such that 7(/) — z. Put y to be 7(0), so that pijj) — y. 
Since positive e < e was arbitrary, to finish the proof it suffices to show that all the 
geodesies from y in time / focus within e from x. By our choice of y and / and since 
p is a covering, the end point of each of these geodesic arcs of length I starting from 
y is located within e from one of the points in p~^{p{x)) and thus within one of 
connected components of the preimage of B under p. These end points continuously 
depend on the initial directions of the geodesic arcs. Since dimM > 1, the sphere 
of unit vectors in TyM is connected. Since B is covered trivially under p, the end 
points of all these length / geodesic arcs starting at y are located within epsilon 
from the same point in p~^(p(a;)) as the end point "j{l). This point is x. 

Now we prove statement 2. Clearly if {M,g) is a F^-manifold, then {M,g) is a 
y^(^)-manifold. _ 

Now we prove the other implication. Every {M,g) is the base space of the 
Riemannian cover by the total space of the universal Riemannian cover of {M,g). 
Thus by the previously proved implication it suffices to prove the statement when 
p is the universal Riemannian covering. 

Let r > be such that exp r^\ : Tpf^^-^M -^ M restricted to the radius r ball 
centered at G Tp(^x)M is a diffeomorphism. Let e > be as in Definition 12.11 
Choose any positive e < min(|,e). Take h such that all geodesies from p{x) in 
time ^1 focus within | from p{x). Similar to the proof of Corollarv l3.4[ we get that 
li > |. As in the proof of the first statement of the Theorem we get that there is 
xi G p^^{p{x)) such that all geodesies from xi in time /i focus within | from x. If 
xi = X, then we found the desired I = h. 

Assume that xi ^ x. Let F be the group of deck transformations of the universal 
covering p. It acts transitively on p~^{p{x)) and we put ai G F to be such that 
xi = ai(a;). Since p is a Riemannian covering, we get that for each x' G p~^{p{x)) 
all the geodesies from ai{x') in time li focus within | from x' . 
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Since the geodesic flow STM x M — > STM is continuous, we get that there is a 
small positive e^i < |, such that for all the points y in the ei-ball centered at xi all 
the geodesies from y in time li focus within e = 2^ from x. 

Repeat the previous argument to find Z2 > and X2 G p^^{p{x)) such that all 
geodesies from X2 in time I2 focus within e'l of xi. Thus all the geodesies from X2 
in time I2 + li focus within e of x. Put q;2 G F to be such that X2 = 012 (a^i)- Then 
for every x' G p^^{p{x)) all the geodesies from a20Li{x') in time li +I2 focus within 
e from x'; all the geodesies from a2{x') in time I2 focus within ei < e of ai(x'); 
and all the geodesies from ai{x') in time li focus within | < e of a;'. Proceed by 
induction. 

By Theorem 12.51 \p^^{p{x))\ < cxd. So at a certain step of the inductive process 
the newly chosen Xj G p~^{p{x)) will coincide with the previously chosen Xi,i < j. 
Then all the geodesies from Xi — Xj = ajUj-i . . . a^+i {xi) in time lj+lj-i + - ■ •+/i+i 
focus within e from Xi. Since p is a Riemannian cover, we get that all the geodesies 
from ajaj-i . . . ai^i(x) in time Ij + Ij-i + • • • + h+i focus within e from x. 

a 

4. Brief Introduction to Lorentzian Manifolds 

A Lorentzian manifold {X"^'^^,g'") is a Pseudo- Riemannian manifold whose met- 
ric tensor 17^ is of signature {m, 1). In other words, each point p € X oi a, Lorentzian 
manifold (X™+^, g^) has a coordinate neighborhood with coordinates (xi, ..., x^+i) 
such that the metric tensor g^\TpX x TpX is of the form 

dxl +dxl + h dxl^ - dxl^^j^, 

where TpX is the tangent space of X at p. 

A nonzero vector v G TpX of a Lorentzian manifold {X"^'^^ ,g^) is said to be time- 
like, non- spacelike, null {lightlike), or spacelike li g'"{v,v) is negative, non-positive, 
zero, or positive, respectively. A piecewise smooth curve "f{t) is called timelike, 
non-spacelike, null, or spacelike if all of its velocity vectors 7'(i) are respectively 
timelike, non-spacelike, null, or spacelike. 

For each p E X the set of all non-spacelike vectors in TpX has two connected 
components that are hemicones. A continuous (with respect to p € X) choice of a 
hemicone of non-spacelike vectors in TpX is called a time orientation of {X, g^). The 
non-spacelike vectors from the chosen hemicones are called future pointing vectors. 
A piecewise smooth curve is said to be future directed if all of its velocity vectors are 
future pointing. A connected time-oriented Lorentzian manifold without boundary 
is called a space-time. 

For two events a;, y in a space-time {X, g^) we write a; < y if a; = y or if there is a 
piecewise smooth future directed non-spacelike curve from x to y. For x G {X,g^), 
the spaces 

J~^{x) = {y eX\x<y} and J-{x) = {y e X\y < x} 

are called the causal future and causal past of x respectively. Two events x, y are 
causally related if y G J^{x). A space-time {X"^'^^,g'^) is causal if it does not have 
closed future directed non-spacelike curves. 

An open set in a space-time is causally convex if there are no future directed 
non-spacelike curves intersecting it in a disconnected set. A space-time is strongly 
causal if every point in it has arbitrarily small causally convex neighborhoods. A 
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strongly causal space-time {X,g^) is globally hyperbolic if J+(a;)n J^(j/) is compact 
for all x,y (^ X. 

A Cauchy surface M is a subset of a space-time {X^g^) such that for every 
inextendible future directed non-spacelike curve 7(i) in X there exists exactly one 
value io of t with 7(^0) G M . A space-time can be shown to be globally hyperbolic 
if and only if it admits a Cauchy surface, see [Ml pages 211-212]. 

4.1. Useful Facts, (a) Every Lorentzian manifold (X, 5^) has a unique Levi-Civita 
connection, see for example [4, page 22]. This allows one to talk about geodesies and 
about nuU-geodesics, i.e., geodesies whose velocity vector is null everywhere. An 
afline reparameterization of a null geodesic also is a null geodesic. However, contrary 
to the Riemannian geometry, null geodesies do not have a canonical parametriza- 
tion. A curve is called a pregeodesic if it can be reparameterized to be a geodesic. 

(5) The pioneer result of Geroch [TS] says that every globally hyperbolic space- 
time {X™''^^,g) is homeomorphic to iVf" x R where every M x t C AT is a Cauchy 
surface. 

(c) Bernal and Sanchez [7j Theorem 1], |8l, Theorem 1.1], [9l Theorem 1.2] have 
proved that a Cauchy surface M in a globally hyperbolic space-time {X"^"^^ , g^) can 
always be chosen to be smooth and spacelike i.e., g^\TA'I is Riemannian. Moreover 
in this case X is diffeomorphic to M x M, each slice M x i is a smooth spacelike 
Cauchy surface, and any two such Cauchy surfaces are diffeomorphic. They also 
proved [6j that in the definition of globally hyperbolic space-times it suffices to 
require that {X™-~^^ , g^) is causal rather than that it is strongly causal. 

{d) Let (Af , g) be a Riemannian manifold, and let / : (a, /3) -^ (0, -l-oo) be a 
smooth positive function, where —00 <«</?< +00. Then the warped product 
space-time (M x {a, P), f{t)g © —dt^) is globally hyperbolic and each Af x t is a 
smooth spacelike Cauchy surface, see (H Theorem 3.66]. 

(e) Two Lorentz manifolds (Xi, gf ) and (A'2,.g|') are said to be conformal equiv- 
alent if there exists a diffeomorphism / : Xi -^ X2 and a positive smooth function 
f2 : Xi — ^ (0,-|-oo) such that g^ — ilf*{g2). If 7 is a timelike or spacelikc or null 
curve in {Xi,gi), then clearly /(7) is respectively a timelike or spacelike or null 
curve in (X2,5^). Moreover if 7 is a null pregeodesic, then 7(7) also is a null 
pregeodesic [l] Lemma 9.17]. The similar statement is generally false for spacelike 
and timelike pregeodesics. 

5. ReFOCUSSING AND EXAMPLES 

5.1. Definition (Strongly refocussing Lorentzian manifolds). We say that a Lorent- 
zian manifold (X'"^^, g^) is strongly refocussing at x € X ii there exists y & X such 
that for every (inextendible) null geodesic i>{t) with i/(0) = y there exists nonzero 
T = t{i') such that ^{t) — x. Note that this r may and generally does depend on 
the choice of the null geodesic i'. 

We say that a Lorentzian manifold is strongly refocussing if it is strongly refo- 
cussing at some point. 

We require r 7^ since otherwise we always have refocussing via choosing y — x 
and r = 0. This definition means that all the light rays through y also pass through 
X (for nontrivial reasons). 

5.2. Definition (Weakly refocussing Lorentzian manifolds). We say that {X"^^^,g^) 
is (weakly) refocussing at x E X ii there exists open U 3 x such that given any 
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open V with x £ V C U there exists y ^ V such that aU the nuU geodesies through 
y pass through V. Note that these null geodesies are not required to pass through 

X. 

We say that a Lorentzian manifold is weakly refocussing if it is weakly refocussing 
at some point. 

This definition was introduced by Low [121 [23] for the physically interesting 
strongly causal space-times. 

5.3. Remark. Let (Xi,gf ) and {X2,g2) be conformal space-times. Let / : Xi ^■ 
X2 be a diffeomorphism and fl : Xi -^ (0, -f 00) be a smooth positive function such 
that nf*{g2) — gi- If j{t) is a null pregeodesic for {Xi,gi), then f{-f{t)) is a null 
pregeodesic for {X2,g2), see [U Lemma 9.17]. 

Thus if {Xi,gi) is refocussing (respectively strongly refocussing) at a; G Xi, then 
(X2,g|') is refocussing (respectively strongly refocussing) at f{x). In particular if 
{Xi,gi) and {X2,g2) are conformal equivalent, then one is refocussing exactly 
when the other one refocussing, and the same is true for strong refocussing. 

5.4. Example (Chernov-Rudyak construction [14] of strongly refocussing space- 
times). Let {M,g) be a Yf' manifold for some x € M and nonzero I G M. Consider 
the Lorentzian product manifold (X^+i, 5-^) = {MxR,g®-dfi). Then all the nuh 
geodesies through {x, t — l) pass through (a;, t). Thus the globally hyperbolic space- 
time (X'"+^, g^) is strongly refocussing at {x,t) for each t G M (see lA^ Section 11, 
Remark 7]). 

Example 15.41 can be modified to yield a strongly refocussing Lorentzian manifold 
with a metric that is not a product metric. Indeed, let U be an open neighborhood 
of the singular hypersurface in X™"*"^ covered by the union of the arcs of the null 
geodesies from {x,—l) to (a;,0). Let g^ be any Lorentzian metric that equals to 
g ® —dt^ on U . Then (M x K,g^) is strongly refocussing at (a;,0). This gives a 
vast collection of strongly refocussing Lorentzian manifolds with a metric that is 
not the product metric. 

5.5. Example (Weakly refocussing space-times). From the proof of Theorem l2.5l it 
is easy to see that if (Af, g) is a y^-manifold for some x G M, then (A/ xM, gQ)—dt^) 
is refocussing at (x, t) for each t G M. 

5.6. Example (Kinlaw ^ITj example of globally hyperbolic space-times that are 
refocussing but not strongly refocussing at a point). Let g be the standard metric 
on a unit sphere 5™ C M'"+^ Then (Xi,gf) = (5"™ x (-tt, 7r),g© -di^) contains a 
codimcnsion one submanifold S = {(x, 0)|x G 5*™}, such that {Xi^g\^) is refocussing 
but not strongly refocussing at each point of S. Note that {Xi,gi) is strongly 
refocussing at (x, —5) for small 5 > and thus the globally hyperbolic manifold 
{Xi,gi) is strongly refocussing. 

It is easy to see that this example is neither spacelike, nor timelikc, nor null 
geodesically complete. However by [U Lemma 9.17] it is conformal equivalent to 
a globally hyperbolic space-time (X2,g|') that is null and timelike geodesically 
complete. By Remark 15.31 this (X2,.g|') also has a hypersurface formed by points 
such that (X2,(7|') is refocussing but not strongly refocussing at these points. 



The following Theorem is close in spirit to our Corollary [33 
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5.7. Theorem (Kinlaw 17 ). Let {X"^^^ ,g^) be a strongly causal space-time. Then 
the possibly empty set Z — {z £ X\{X,g^) is refocussing at z} is a closed subset of 
X. 

Example EH] shows that the set Z = {z G X\{X, g^) is strongly refocussing at z} 
does not have to be a closed subset of a strongly causal {X™''^^,g^). 

6. Proof of Theorem 12.51 

Let (M , g) be a y^-manifold for some point x G M. Let pr : STM -^ M denote 
the tangent unit sphere bundle of M . The fiber of pr over a point y € M is denoted 
by STyM. For v G STM, let 7„ : M ^ STM be the unique unit speed geodesic 
with 7t,(0) = V. There are smooth maps 

p: STM X R^ M, 

p: V X T i-> jy{T) 

and 

q : STM x M ^ STM, 

q: V X T H> 7i,(t). 

We recall that there is a positive real number e such that the property in the 
definition of F^-manifolds holds for all e with < e < e. Let {e„}^]^ be a sequence 
of positive numbers e„ < e with lim e„ = 0. Since (Af , g) is a y^-manifold, there 
exist sequences of positive real numbers {Z„}^i, In > ^n and points {ynjj^i such 
that 

lin{p\sTy^Mxl,J C B{x,en), 
where B{x, e„) denotes the open ball in AI about x of radius e„. 

To begin with let us assume that the sequence {(y„, ln)}'^=i of points in M x M 
has no convergent subsequence. Then, as we show in Lemma 16. 1[ the globally 
hyperbolic Lorentzian product manifold {X, g^) = (M x R, g© — di^) is refocussing. 
By a result of Low, its Cauchy surface M x = M is a closed manifold, see [22 , 23 ] . 
[m Section 11, Proposition 6]. On the other hand, the result of Rudyak and the 
first author says that the fundamental group of the Cauchy surface M x has to 
be finite, see [Ml Theorem 15]. This completes the proof of Theorem 12.51 under the 
assumption that the sequence {{ym^n)} has no convergent subsequence. 

Suppose now that the sequence {(j/n,/n)} has a convergent subsequence. Then, 
by Lemma [6.21 below, the manifold {M,g) is a YJ^-manifold for some I. Hence, in 
this case, the conclusion of Theorem [53] immediately follows from Lemma |6. II and 
the Berard-Bergery Theorem 11.21 

In the rest of the section we prove Lemmas 16.11 and 16.21 



6.1. Lemma. Suppose that the sequence {(?/«, 'n)} does not have a convergent 
subsequence. Then the globally hyperbolic Lorentzian product manifold {X,g^) — 
{M xR,g (B —dt^) is refocussing at {x, 0). 

Proof. Put g^ — g ® dt^ to be the product Riemannian metric on M x M and put 

U ^ B{ix,0),e) ^ {iy,t) e M xR\dgn{{y,t),ix,0)) < e} 

to be the open ball neighborhood of {x, 0) G M x K. of radius e. Let V C U he any 
neighborhood of {x,0). Put 

V = {ye M\y xOeV} 
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to be the open neighborhood of x and put e > with e > e to be such that 

B{x,e) = {y\dg{x,y) <e}(ZV. 
Since the sequence {(y„, In)} does not have a convergent subsequence and 

Km e„ = 0, 

n— >oo 

there exists a positive integer N such that ejv < e and (j/at, In) ^ U. li w ^ 
T(^yT-j{M X M) is a nuU vector with components 

(w'Af , wr) e TyM ® T,R = T(y,r){M X R), 

then g{wM,WM) — —wk • wr, where • is the standard Riemannian metric on M^. 
Since g © —dt^ is a Lorentzian product metric, the geodesies in {M x R, g ® —dt^) 
should project to geodesies in {M,g) and in (R, —dt^). Thus all the null geodesies 
through (j/AT, —In) ^V intersect V x CV and hence they all intersect V. Hence 
[M X R, 5 © —dt^) is refocussing. 

D 

6.2. Lemma. Suppose that the sequence of points 

{(y«,;n)KT=iCAf XR 

contains a subsequence {{yuki ^nfc)}fc°=i converging to a point (y, I). Then I ^ 0, and 
(M, g) is a Y^~-manifold. 

Proof. Put r > to be such that the exponential map exp^, : T^M —i' M restricted 
to the radius r ball centered at G TxM is a diffeomorphism. Then each In > r 
and thus the limit value I is non-zero. 

Without loss of generality we can assume that each point y„^ belongs to a pre- 
scribed geodesically convex neighborhood W of y. For v £ STyM let Vn^ £ STy^ M 
denote the vector obtained by the parallel transport of v along the unique geodesic 
in W connecting y to yn^ ■ Then 

lim K,,/„J = (v,!). 

Since the map p is continuous, its values p{vnf,, In^) converge to p{v, Z) as fc — >■ oo. 
On the other hand, each point p{vn^ , In^ ) is Cnk -close to the point x. In view of the 
convergence e„^ — )> 0, we conclude that p{v, I) = x. Consequently, 

Imp \sTyMxT~ ^' 

i.e., 7(Z) = X for each geodesic 7 emitted from y with |7(0)| — 1. Thus 

9l5T,Mxr : STyM = 5—1 -> 5T.Af = 5™-i 

is a smooth embedding and hence a diffeomorphism for dimensional reasons. Con- 
sequently, 

implsT.Mxr=y- 

This implies that {M, g) is a F ^-manifold. D 

6.3. Remark. As it has been explained in Example 15.41 one deduces that the 
globally hyperbolic Lorentzian product manifold {X,g^) — (M x R,5'0 —dt^) is 
refocussing at {x, 0) (and hence at each (x, t) with t G R for the reason of symmetry). 
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6.4. Remark. Theorem 12.51 can be also proved so that its proof is independent of 
the Berard-Bergery Theorem, which we used in the proof of Theorem 12 .51 under the 
hypothesis of Lemma [6.21 Indeed, suppose that the sequence of points {(jjn,ln)} 
contains a sub-sequence converging to a point (yj). Since the hmit value I is 
different from zero, we may still apply the argument of Lemma l6. II to complete the 
proof of Theorem l2.5l On the other hand, the statement of Lemma [6T2] is somewhat 
stronger than what we can deduce using the argument in Lemma 16.11 as it asserts 
that all geodesies emitted from y return precisely to the point y at the moment 21. 

7. Intriguing facts related to Y"^- and F^-Riemannian manifolds, 

REFOCUSSING SPACE-TIMES, POSITIVE LeGENDRIAN ISOTOPY AND OPEN 

QUESTIONS 

7.1. y^^-Riemannian manifolds, causality in space-times, Low Conjecture 
and the Legendrian Low Conjecture. Low Conjecture [T^, [TS , [20 , 21 and 

the Legendrian Low conjecture due to Natario and Tod [24] reformulate causality in 
a globally hyperbolic space-time {X™^^ , g^) in terms of link theory. Basically they 
ask if it is true that when the Cauchy surface is difFeomorphic to an open subset of 
R^ or of M.^, then two events x,y G X are causally related if and only if the spheres 
of null geodesies passing through x and y are linked (in the appropriate sense) 
in the contact manifold of all non-parameterized future pointing null geodesies 
in (X'^~^^,g). This motivated a problem communicated by Penrose on Arnold's 
problem lists [21 Problem 8], [3l Problem 1998-21]. 

Stefan Nemirovski and the first author [121 Theorem A, Theorem C] proved the 
Low and the Legendrian Low conjectures. They also proved [131 Theorem 10.4] 
that the statements of these conjectures remain true for all globally hyperbolic 
space-times {X™'^^,g'"),m > 1 such that the total space of the universal cover of 
its Cauchy surface M™ is an open manifold. 

If (M, g) is a Yj^ Riemannian manifold, then these conjectures are false in the 
strongly refocussing (MxR, g®—dt^), see [131 Example 10.5]. In the physically most 
interesting case of a (3 -f l)-dimensional globally hyperbolic space-time {X^^^ ^ g^) 
we get that if the Legendrian Low conjecture fails for [X^^^^g^), then the Cauchy 
surface of X admits a Riemannian metric making it into a y;^-manifold, see |12[ 
page 1322]. 

7.2. Topology of a refocussing globally hyperbolic space-time. An interest- 
ing question is what should be the topology of a Cauchy surface M of a refocussing 
globally hyperbolic (Ar™+^. g-^). Low [22l|23] proved that M has to be a closed man- 
ifold, see also |14l Section 11, Proposition 6]. Rudyak and the first author proved 
that the universal Lorentzian cover of a refocussing globally hyperbolic space-time 
(Ar™"*"^, g-^), 7TT, > 1 is a refocussing globally hyperbolic space-time, see [141 Theorem 
14]. Thus |7ri(M)| < cx). 

It is interesting to know if the third implication of the Berard-Bergery Theo- 
rem holds for a Cauchy surface M of a globally hyperbolic refocussing space-time 
{X^'^^,g),m > 1, i.e., is it true that the ring 7J*(M™,Q) is generated by one 
element? This is true for dimM = 2,3. Indeed Fact 13.11 savs that such M admits 
a Riemannian metric gq making {M,gq) into a y2^-manifold. Now Berard-Bergery 
Theorem [5], [lOl Theorem 7.37, page 192] says that the ring H*{M, Q) is generated 
by one element. 
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Paul Kinlaw |17j noticed that this discussion imphes the following intriguing 
observation: if a globally hyperbolic space-time (X^+^j 5^), m = 2, 3 is refocussing, 
then it admits a globally hyperbolic Lorentzian metric g^ = gq ® —dt^ such that 
^j^m+i —L-j jg strongly refocussing. 

We do not know examples of globally hyperbolic space-times that are refocussing 
but not strongly refocussing. However Example l5.6l shows that the situation is quite 
nontrivial. 

7.3. Y^- and y^-manifolds and positive Legendrian isotopy. Since {M,g) 
is a Riemannian manifold we have the natural identification STM = ST*M. The 
spherical cotangent bundle ST*M has a natural contact structure and the S"^~^- 
fiber Sx of ST*M — >■ M over a point x S M is a Legendrian submanifold. For 
each t the map q\sT'MKt ■ ST*M -^ ST*M preserves the contact structure and 
hence it maps Legendrian submanifolds to Legendrian submanifolds. Moreover the 
map 4> : Sx X [0, 00) — >■ ST*M defined by (f){z, t) = q{z, t) is a positive Legendrian 
isotopy, i.e. it is a Legendrian isotopy such that the evaluation of the contact form 
on the velocity vectors of the trajectory curves (t)z{t) = 4>{z,t) ■ [0, 00) — > ST*M, 
z G Sx is positive. 

If {M, g) is a Yj'^-manifold, then (j) : Sx x [0, 1] -^ ST*M is a positive Legendrian 
isotopy of the fiber Sx to itself. If a Cauchy surface M"^,m > 1 of a globally 
hyperbolic space-time {X"^'^^,g) is such that there is no positive Legendrian isotopy 
of an S""^^-fiber of ST*M to itself, then the Legendrian Low conjecture holds for 
(X™+i,5), see [H Section 7] and [B], proof of Theorem 10.4]. In [HI Corollary 8.1] 
Nemirovski and the first author proved that if ST* M admits a positive Legendrian 
isotopy of Sx to itself, then M is compact and has finite 7ri(M), i.e. the universal 
cover of M is compact. In particular this gives yet another proof of the first two 
statements of Berard-Bergery Theorem 11.21 A question in 13, Example 8.3] asks 
whether the existence of a positive Legendrian isotopy of Sx to Sx implies that the 
rational cohomology ring H*{M,Q) is generated by one element. 

It may be that the result of ^13J can be strengthened to show that if the universal 
cover of M is not compact, then given two not necessarily distinct points x,y G M 
and a sufficiently small neighborhood U of Sx there is no positive Legendrian isotopy 
(j): SyX [0, 1] -^ ST*M such that Im((/)(S'y x i)) n C/ = and lm{(j){Sy x 1)) c U. 
If such a result holds it would give another proof of our Theorem 12.51 One can 
also ask the question whether the existence of such a positive Legendrian isotopy 
implies that the ring H*(M, Q) is generated by one element. 

If (M, g), m = 2, 3 is a Y^- or a F^-manifold then the ring H*{M, Q) is generated 
by one element, see Corollarv l3.2l So one can ask if it holds in all dimensions. This 
question does not seem to be immediately reducible to the question in [13', Example 
8.3]. 

Indeed given a F^-manifold {M,g) and a sequence {en}^=i of sufficiently small 
positive numbers converging to zero, put {ln}'^=ii In > £« to be a sequence as in 
Definition 12.11 Put B{x,en) be the metric ball of radius e„-centered at x. Clearly 
Imp]5^x/„ is a Legendrian submanifold of ST*B{x,en) C ST*M that can be ob- 
tained from Sx by a positive Legendrian isotopy within ST* M. However it is not 
clear if this submanifold can be deformed to Sx by a positive Legendrian isotopy in- 
side ST*B{x, e„) or even inside ST*M. A similar difficulty arises for F^-manifolds. 

Acknowledgments. The first author is very thankful to Stefan Nemirovski and 
Robert Low for the very useful mathematical discussions. 



[6; 
[7; 
[s; 
[9; 

[lo; 

[11 
[12; 
[is; 

[14 

[is: 

[16; 

[17: 
[is: 

[19 

[2o: 

[21 

[22: 
[23: 

[24 
[25: 



manifolds admitting a f="-riemannian metric 13 

References 

I. Agol, The geometrization conjecture and universal covers of 3-manifolds, a talk at 
the Cornell 2004 Topology Festival. The transparencies of the talk are available at 
^http : //m«w2 . math . uic . edu/~ag ol/cover/cover01 . html 

V. I. Arnold, Problems, written down by S. Duzhin, September 1998, available electronically 
at [http : //www . pdml . ras . ru/~arnsem/Arnold/prob9809 . ps . gz 

V. I. Arnold, Arnold's problems, Translated and revised edition of the 2000 Russian original. 
Springer- Verlag, Berlin; PHASIS, Moscow, 2004. 

J. K. Beem, P. E. Ehrlich, K. L. Easley: Global Lorentzian geometry. Second edition. Mono- 
graphs and Textbooks in Pure and Applied Mathematics, 202 Marcel Dekker, Inc., New York 
(1996) 

L. Berard-Bergery: Quelgues exemples de varietes riemanniennes oil toutes les geodesiques 
issues d'un point sont fermees et de meme longueur, suivis de quelgues resultats sur leur 
topologie. Ann. Inst. Fourier (Grenoble) 27 (1977), no. 1, xi, 231-249. 

A. Bernal, M. Sanchez, Globally hyperbolic spacetimes can be defined as "causal" instead of 
"strongly causal", Class. Quant. Grav. 24 (2007), 745-750. 

A. Bernal, M. Sanchez: On smooth Cauchy hypersurfaces and Geroch's splitting theorem, 
Comm. Math. Phys. 243 (2003), no. 3, 461-470 

A. Bernal, M. Sanchez: Smoothness of time functions and the metric splitting of globally 
hyperbolic space-times. Comm. Math. Phys. 257 (2005), no. 1, 43-50. 

A. Bernal and M. Sanchez: Further results on the smoothability of Cauchy hypersurfaces and 
Cauchy time functions. Lett. Math. Phys. 77 (2006), no. 2, 183-197. 

A. L. Besse: Manifolds all of whose geodesies are closed, with appendices by D. B. A. Epstein, 
J. -P. Bourguignon, L. Berard-Bergery, M. Berger and J. L. Kazdan. Ergebnisse der Math- 
ematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas], 93 Springer- 
Verlag, Berlin-New York, (1978) 

R,. Bott: On manifolds all of whose geodesies are closed. Ann. of Math. (2) 60 (1954), 375— 
382. 

V. Chernov, S. Nemirovski: Legendrian links, causality, and the Low conjecture. Geom. 
Fund. Anal. 19 (2010), 1320-1333 

V. Chernov, S. Nemirovski: Non-negative Legendrian isotopy in ST*M. Geom. Topol. 14 
(2010), 611-626 

V. Chernov, Yu. B. Rudyak: Linking and causality in globally hyperbolic space-times. 
Comm. Math. Phys. 279 (2008), no. 2, 309-354. 

R. P. Geroch: Domain of dependence, J. Math. Phys., 11 (1970) pp. 437-449 
S. W. Hawking, G. F. R. Ellis, The large scale structure of space-time, Cambridge Mono- 
graphs on Mathematical Physics, No. 1, Cambridge University Press, London-New York, 
1973. 

P. Kinlaw, Ph. D. Thesis in preparation 

R. J. Low: Causal relations and spaces of null geodesies. PhD Thesis, Oxford University 
(1988) 

R. J. Low: Twistor linking and causal relations. Classical Quantum Gravity 7 (1990), no. 2, 
177-187. 

R. J. Low: Twistor linking and causal relations in exterior Schwarzschild space. Classical 
Quantum Gravity 11 (1994), no. 2, 453-456. 

R. J. Low: Stable singularities of wave-fronts in general relativity. J. Math. Phys. 39 (1998), 
no. 6, 3332-3335 

R. J. Low: The space of null geodesies. Proceedings of the Third World Congress of Nonlinear 
Analysts, Part 5 (Catania, 2000). Nonlinear Anal. 47 (2001), no. 5, 3005-3017 
R. J. Low: The space of null geodesies {and a new causal boundary). Lecture Notes in Physics 
692, Springer, Belin Heidelberg New York (2006), 35-50 

J. Natario, P. Tod, Linking, Legendrian linking and causality, Proc. London Math. Soc. (3) 
88 (2004), 251-272. 

B. O'Neill: Semi-Riemannian geometry. With applications to relativity. Pure and Applied 
Mathematics, 103. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 
(1983) 



14 V. CHERNOV, P. KINLAW, R. SADYKOV 

[26] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, Preprint 

math.DG /0211159| , 
[27] G. Perelman, Ricci flow with surgery on three-manifolds, Preprint 'math . DG/0303109 ' 
[28] H. Samelson: On manifolds with many closed geodesies. Portugal. Math. 22 (1963) 193-196. 
[29] W. Thurston: Three-dimensional geometry and topology. Vol. 1. Edited by Silvio Levy. 

Princeton Mathematical Series, 35 Princeton University Press, Princeton, NJ (1997) 

V. Chernov, Mathematics Department, 6188 Kemeny, Dartmouth College, Hanover 
NH 03755, USA 

E-mail address: Vladimir.Chernov@dartmouth.edu 

P. KiNLAw, Mathematics Department, 6188 Kemeny, Dartmouth College, Hanover NH 
03755, USA 

E-mail address: Paul.KiiilawOdartmouth.edu 

R. Sadykov, Department of Mathematics, University of Toronto, Bahen Centre, 40 
St. George St., Toronto, Ontario M5S 2E4, CANADA 
E-mail address: sadykovSmath. toronto.edu 



